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CATEGORIFYING
THE JONES POLYNOMIAL
or the topological part of the story

1



Jones 
polynomial

Khovanov
homology

J

Q

a

R

b = 1 + q2 + q4 + q6

Kh

Q

a

R

b =
homological

degree j
0 1 2

Kh•,j Q ü Q[2] 0 Q[4] ü Q[6]

1

Kh•,• =
n

i,jœZ
Khi,j qdim

!
Kh•,j"

=
ÿ

iœZ
qi dim

!
Khi,j"

‰q (Kh•,•) =
ÿ

jœZ
(≠1)j qdim

!
Kh•,j"

(≠1)0(1 + q2) (≠1)2(q4 + q6)

Kh•,• =
n

i,jœZ
Khi,j qdim

!
Kh•,j"

=
ÿ

iœZ
qi dim

!
Khi,j"

‰q (Kh•,•) =
ÿ

jœZ
(≠1)j qdim

!
Kh•,j"

(≠1)0(1 + q2) (≠1)2(q4 + q6)

Kh

Q

a

R

b =
homological
grading j 0 1 2

Kh•,j Q ü Q[2] 0 Q[4] ü Q[6]

1

1. CATEGORIFYING JONES | EXAMPLE



Jones 
polynomial

Khovanov
homology

J

Q

a

R

b = 1 + q2 + q4 + q6

Kh

Q

a

R

b =
homological

degree j
0 1 2

Kh•,j Q ü Q[2] 0 Q[4] ü Q[6]

1

shift in q-grading

Khovanov homology is graded!

Kh•,• =
n

i,jœZ
Khi,j qdim

!
Kh•,j"

=
ÿ

iœZ
qi dim

!
Khi,j"

‰q (Kh•,•) =
ÿ

jœZ
(≠1)j qdim

!
Kh•,j"

(≠1)0(1 + q2) (≠1)2(q4 + q6)

Kh•,• =
n

i,jœZ
Khi,j qdim

!
Kh•,j"

=
ÿ

iœZ
qi dim

!
Khi,j"

‰q (Kh•,•) =
ÿ

jœZ
(≠1)j qdim

!
Kh•,j"

(≠1)0(1 + q2) (≠1)2(q4 + q6)

quantum grading

homological grading

Kh

Q

a

R

b =
homological
grading j 0 1 2

Kh•,j Q ü Q[2] 0 Q[4] ü Q[6]

1

1. CATEGORIFYING JONES | EXAMPLE



DL =

1

Kauffman bracket*

*I disregard normalization issues!

DL =

= >
=

= >
≠ q

= >

e
 D

f
= (q + q≠1)ÈDÍ for any diagram D

1

1. CATEGORIFYING JONES | BACK TO KAUFFMAN

1

2



DL =

1

DL =

1

DL =

1

DL =

1

DL =

1

Kauffman bracket*

*I disregard normalization issues!

DL =

= >
=

= >
≠ q

= >

e
 D

f
= (q + q≠1)ÈDÍ for any diagram D

1

<latexit sha1_base64="3cCl+MWrMHebe6SjUypXfLXUL+Y="></latexit>
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<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>
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<latexit sha1_base64="5LZE7rSlc+bHgEFXb1EiOKyMn2E=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpdNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Pr+qm+g==</latexit>

(≠q)0

<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>

(≠q)1

<latexit sha1_base64="3OXkPZNCZZubUMimW/nFC8et+3M="></latexit>

(≠q)2(q + q≠1)2

<latexit sha1_base64="YOshogzDVKowTjyGaRxFzQNdDio="></latexit>

(≠q)1(q + q≠1)

1. CATEGORIFYING JONES | MAIN INGREDIENTS



DL =

1

DL =

1

DL =

1

DL =

1

<latexit sha1_base64="3cCl+MWrMHebe6SjUypXfLXUL+Y="></latexit>

(≠q)2<latexit sha1_base64="5LZE7rSlc+bHgEFXb1EiOKyMn2E=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpdNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Pr+qm+g==</latexit>

(≠q)0

<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>

(≠q)1

<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>

(≠q)1

m
ai

n 
in

gr
ed

ien
ts

<latexit sha1_base64="5LZE7rSlc+bHgEFXb1EiOKyMn2E=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpdNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Pr+qm+g==</latexit>

(≠q)0

<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>

(≠q)1

<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>

(≠q)1

<latexit sha1_base64="3cCl+MWrMHebe6SjUypXfLXUL+Y="></latexit>

(≠q)2

1. CATEGORIFYING JONES | MAIN INGREDIENTS
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DL =
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<latexit sha1_base64="3cCl+MWrMHebe6SjUypXfLXUL+Y="></latexit>

(≠q)2

<latexit sha1_base64="bPd6sbOXCSDiDSU5KNKnCq20rh0=">AAACKXicZZDBThsxFEU9lFIYCg1l2Q0im1Cp0QyK2i2iXVSqUEEiIRIG9MbzEkzssbE9NCMr/9At/AJfw452y48wAyOhhLuwr867frJuogW3Lor+BXNv5t8uvFtcCpffr6x+aKx97FmVG4ZdpoQy/QQsCp5h13EnsK8NgkwEHiWj79X86AqN5So7dIXGEwnDjA84A1eiXuvL5dZpfNZoRu3oSRuvTVybJqm1f7YWrNBUsVxi5pgAa4/jSLsTD8ZxJnAS0tyiBjaCIfr6ttNUAjNqhqUchgZkSadwotTIQTIT1okaV0GDGf5hSkrI0s90AJKLIsUB5MJ5age1rZI/sPyrwT1w5781GnDKeHqZcjnxT2dIXzZ5+ut84qkss9z50lcLeKZztzEuQjoulK4K9CBEOSkLjGfrem162+34a7tz0Gnu7NZVLpJPZJO0SEy+kR3yk+yTLmHkgvwl1+QmuA3ugvvg/3N0LqjfrJMpBQ+Psaqm+w==</latexit>

(≠q)1

1. CATEGORIFYING JONES | MAIN INGREDIENTS



DL =

1

DL =

1

DL =

1

DL =

1
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1. CATEGORIFYING JONES | MAIN INGREDIENTS
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1. CATEGORIFYING JONES | MAIN INGREDIENTS
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1. CATEGORIFYING JONES | MAIN INGREDIENTS
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1 TQFT

1. CATEGORIFYING JONES | MAIN INGREDIENTS
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1 TQFT

Fix signs so that all squares anti-commute ⇒ chain complex2 SIGNS

1. CATEGORIFYING JONES | MAIN INGREDIENTS



1. CATEGORIFYING JONES | RECAP



DL =

1

DL =

1

DL =

1

DL =

1

0 HYPERCUBE OF RESOLUTIONS
diagram with 𝑛 crossings ⇒ hypercube of dimension 𝑛

1. CATEGORIFYING JONES | RECAP



1 TQFT

DL =

1

DL =

1

DL =

1

DL =

1

0 HYPERCUBE OF RESOLUTIONS
diagram with 𝑛 crossings ⇒ hypercube of dimension 𝑛

1. CATEGORIFYING JONES | RECAP



1 TQFT

Fix signs so that all squares anti-commute ⇒ chain complex2 SIGNS

DL =

1

DL =

1

DL =

1

DL =

1

0 HYPERCUBE OF RESOLUTIONS
diagram with 𝑛 crossings ⇒ hypercube of dimension 𝑛

1. CATEGORIFYING JONES | RECAP



1 TQFT

1. CATEGORIFYING JONES | KHOVANOV HOMOLOGY

<latexit sha1_base64="gAyW6Wcmn9BBZ2SuB9Xv+ZXoIaQ="></latexit>

m : k[x1,x2]/x2
1,x2

2 æ k[x]/x2

f ‘æ f |x=x1=x2

<latexit sha1_base64="TVYi/WsjsN62kDUPlxcO5pqaQn0="></latexit>

� : k[x]/x2 æ k[x1,x2]/x2
1,x2

2

f ‘æ (x1 + x2)f |x1=x

<latexit sha1_base64="GGVWlPlAG4ETDx00acI+Ufu0418="></latexit>

A = k[x]/x2 and more generally: A¢n = k[x1,...,xn]/x2
1,...,x2

n



1 TQFT

2 SIGNS

use Koszul rule: turn all commutative squares into anti-commutative squares

NB: non-canonical choice, but every choice gives an isomorphic chain complex

1. CATEGORIFYING JONES | KHOVANOV HOMOLOGY

<latexit sha1_base64="gAyW6Wcmn9BBZ2SuB9Xv+ZXoIaQ="></latexit>

m : k[x1,x2]/x2
1,x2

2 æ k[x]/x2

f ‘æ f |x=x1=x2

<latexit sha1_base64="TVYi/WsjsN62kDUPlxcO5pqaQn0="></latexit>

� : k[x]/x2 æ k[x1,x2]/x2
1,x2

2

f ‘æ (x1 + x2)f |x1=x

<latexit sha1_base64="GGVWlPlAG4ETDx00acI+Ufu0418="></latexit>

A = k[x]/x2 and more generally: A¢n = k[x1,...,xn]/x2
1,...,x2

n



1. CATEGORIFYING JONES | ODD KHOVANOV HOMOLOGY

1 projective TQFT

non-canonical sign!

<latexit sha1_base64="YdWySuqfahvhiR2t3ZtiJ98NOZU="></latexit>

� :
fi

(x) æ
fi

(x1, x2)

f ‘æ (x1 ≠ x2) · f |x1=x

<latexit sha1_base64="pTuoo92p4TELMQ4atXI4BL7Oo1Q="></latexit>

m :
fi

(x1, x2) æ
fi

(x)

f ‘æ f |x=x1=x2

<latexit sha1_base64="PSx6ZKbiv49Vg4zk5PlOlNta1a8="></latexit>

f · g = (≠1)|f ||g|g · f



1. CATEGORIFYING JONES | ODD KHOVANOV HOMOLOGY

1 projective TQFT

2 SIGNS

NB: non-canonical choice, but every choice gives an isomorphic chain complex

use super Koszul rule: turn all commutative squares into anti-commutative squares

non-canonical sign!
some squares are already 

anti-commutative!

<latexit sha1_base64="YdWySuqfahvhiR2t3ZtiJ98NOZU="></latexit>

� :
fi

(x) æ
fi

(x1, x2)

f ‘æ (x1 ≠ x2) · f |x1=x

<latexit sha1_base64="pTuoo92p4TELMQ4atXI4BL7Oo1Q="></latexit>

m :
fi

(x1, x2) æ
fi

(x)

f ‘æ f |x=x1=x2

<latexit sha1_base64="PSx6ZKbiv49Vg4zk5PlOlNta1a8="></latexit>

f · g = (≠1)|f ||g|g · f



1. CATEGORIFYING JONES | TROUBLE WITH SIGNS

<latexit sha1_base64="agsl/KhWX1qYtUmWz2Mpvhvv8ME="></latexit>

<latexit sha1_base64="NDY4E71zRBb022l/uKL4vL2TwOk="></latexit>

<latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit>

<latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit> <latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit>

<latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit> <latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit>

<latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit> <latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit> <latexit sha1_base64="HvtAqc1uHaUW254pvTnal6sVpmk="></latexit>

<latexit sha1_base64="agsl/KhWX1qYtUmWz2Mpvhvv8ME="></latexit>

<latexit sha1_base64="NDY4E71zRBb022l/uKL4vL2TwOk="></latexit>

<latexit sha1_base64="agsl/KhWX1qYtUmWz2Mpvhvv8ME="></latexit>

<latexit sha1_base64="agsl/KhWX1qYtUmWz2Mpvhvv8ME="></latexit>

⟳

⟳

<latexit sha1_base64="t1Ds4hUj3hKCgIAZOjhuRnTx0Kw="></latexit>

(x2 + x3)

<latexit sha1_base64="t1Ds4hUj3hKCgIAZOjhuRnTx0Kw="></latexit>

(x2 + x3)

<latexit sha1_base64="pym28p25HthNNLfvxqZIJuLHFsQ="></latexit>

(x1 + x2)

<latexit sha1_base64="pym28p25HthNNLfvxqZIJuLHFsQ="></latexit>

(x1 + x2)

⟳

<latexit sha1_base64="xnUM+/CvcQSao2PMwC+im4XSV4k="></latexit>

(x1 ≠ x2) · ≠

<latexit sha1_base64="xnUM+/CvcQSao2PMwC+im4XSV4k="></latexit>

(x1 ≠ x2) · ≠
<latexit sha1_base64="QJcFw8OelFkeevVEKJm/cPv8F3E="></latexit>

(x2 ≠ x3) · ≠

<latexit sha1_base64="QJcFw8OelFkeevVEKJm/cPv8F3E="></latexit>

(x2 ≠ x3) · ≠



CATEGORIFYING 
RESHETIKHIN-TURAEV
or the representation theoretical part of the story

2



2. CATEGORIFYING R-T | EXTENDING TO TANGLES

<latexit sha1_base64="nUwY+dWmU165rgAOO/tpq33x6Ek="></latexit>

‘æ or

closed tangle diagram

C(q)

V V C(q)

V V V V

V V V V

V V V V

C(q) V V

C(q)

¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢

u

u

R

R

n

n

polynomial

Reshetikhin-Turaev

ú

ú

ú

ú

ú

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

chain complex

categorified
Reshetikhin-Turaev



2. CATEGORIFYING R-T | EXTENDING TO TANGLES

<latexit sha1_base64="nUwY+dWmU165rgAOO/tpq33x6Ek="></latexit>

‘æ or

closed tangle diagram

C(q)

V V C(q)

V V V V

V V V V

V V V V

C(q) V V

C(q)

¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢

u

u

R

R

n

n

polynomial

Reshetikhin-Turaev

ú

ú

ú

ú

ú

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

chain complex

categorified
Reshetikhin-Turaev



<latexit sha1_base64="nUwY+dWmU165rgAOO/tpq33x6Ek="></latexit>

‘æ or

closed tangle diagram

C(q)

V V C(q)

V V V V

V V V V

V V V V

C(q) V V

C(q)

¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢

u

u

R

R

n

n

polynomial

Reshetikhin-Turaev

ú

ú

ú

ú

ú

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

chain complex

categorified
Reshetikhin-Turaev

“composi(on of complexes”

2. CATEGORIFYING R-T | EXTENDING TO TANGLES

we need maps between intertwiners!



For invariants categorifying the Jones polynomial:

= hypercube!

2. CATEGORIFYING R-T | JONES’ CASE

<latexit sha1_base64="2QBwpYnofGYhWPE2Uj00SAKIcLE="></latexit>

‘æ

closed tangle diagram

ú

ú

ú

ú

ú

• •

•

•

• •

•

•

chain complex



2. CATEGORIFYING R-T | 2-CATEGORIES

two types of composition 
⇒ 2-category!

<latexit sha1_base64="nUwY+dWmU165rgAOO/tpq33x6Ek="></latexit>

‘æ or

closed tangle diagram

C(q)

V V C(q)

V V V V

V V V V

V V V V

C(q) V V

C(q)

¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢ ¢

¢ ¢

u

u

R

R

n

n

polynomial

Reshetikhin-Turaev

ú

ú

ú

ú

ú

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

. . . • • . . .

chain complex

categorified
Reshetikhin-Turaev



2. CATEGORIFYING R-T | 2-CATEGORIES

two types of composition 
⇒ 2-category!

2-categories

A 2-category is a category with additional “morphisms between 
morphisms”, called 2-morphisms. They admit two compositions: 

• vertical composition denoted ∘
• An horizontal composition denoted ∗
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2. CATEGORIFYING R-T | 2-CATEGORIES

two types of composition 
⇒ 2-category!

2-categories

A 2-category is a category with additional “morphisms between 
morphisms”, called 2-morphisms. They admit two compositions: 

• vertical composition denoted ∘
• An horizontal composition denoted ∗

Examples:
• small categories, functors and natural transformations
• (strict) monoidal categories = one-object 2-categories (⊗= ∗)
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generated by 𝑉.

• To each elementary tangle diagram, assign a chain complex in this 2-category. By composition of 
chain complexes, this assigns a chain complex to any tangle diagram.

Here “categorifies” loosely means “add 2-morphisms”

This should mimick the “uncategorified” Reshetikhin-Turaev construction, 
in the sense that the Euler characteristic gives back the original polynomial invariant.



2. CATEGORIFYING R-T | GENERAL STRATEGY

A general strategy to categorify the Reshetikhin-Turaev construction:

• Find a 2-category that “categorifies” the category 𝑅𝑒𝑝 𝑈! 𝔤 , 𝑉 of representations of 𝑈! 𝔤
generated by 𝑉.

• To each elementary tangle diagram, assign a chain complex in this 2-category. By composition of 
chain complexes, this assigns a chain complex to any tangle diagram.

• Show that the homotopy type of the complex is a tangle invariant.

Here “categorifies” loosely means “add 2-morphisms”

Composition of complexes must preserve the homotopy type:

This should mimick the “uncategorified” Reshetikhin-Turaev construction, 
in the sense that the Euler characteristic gives back the original polynomial invariant.
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2-SUPERCATEGORIES
or the categorical part of the story
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3. 2-SUPERCATEGORIES | MOTIVATION

2-categories:
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(id ú g) ¶ (f ú id) = (f ú id) ¶ (id ú g)

2-supercategories:

interchange law

super interchange law

⟳

?

⇒ suited for Khovanov homology
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3. 2-SUPERCATEGORIES | SUPERSPACE

A superspace is a ℤ/2ℤ-graded vector space:

• 𝐸𝑛𝑑 𝑉, 𝑉 inherits a superspace structure:
• even maps: maps preserving parity
• odd maps: maps exchanging parity

• super tensor product:

• We denote 𝒮𝒱𝑒𝑐 the category of superspaces, and 𝒮𝒱ec the subcategory restricting to 
even linear maps.

<latexit sha1_base64="OY+4BVtk3vgpoSqquKhVK8eADyA="></latexit>

(V ¢W )0 = (V0¢W0)ü(V1¢W1) and (V ¢W )1 = (V0¢W1)ü(V1¢W0)
<latexit sha1_base64="dIc/7UfMryRfdm5y+pMCDwfcE/k="></latexit>

(f ¢ g) ¶ (h ¢ k) = (≠1)|g||h|(f ¶ h) ¢ (g ¶ k)

<latexit sha1_base64="7GNOf1RNIbBXIXcBtGwoprkCrqc="></latexit>

V = V0 ü V1, |v| := grading of v (0 or 1)



3. 2-SUPERCATEGORIES | SUPER STRUCTURES

A supercategory is a 𝒮𝒱ec-enriched category:
• Each Hom-set is a superspace
• Parities and composition are compatible: 
• We denote 𝒮𝒞𝑎𝑡 the category of small supercategories (and functors preserving parities)
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A supercategory is a 𝒮𝒱ec-enriched category:
• Each Hom-set is a superspace
• Parities and composition are compatible: 
• We denote 𝒮𝒞𝑎𝑡 the category of small supercategories (and functors preserving parities)

A monoidal supercategory is a supercategory with a super tensor product:

⚠ a monoidal supercategory is (in general) not a monoidal category!
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3. 2-SUPERCATEGORIES | SUPER STRUCTURES

A supercategory is a 𝒮𝒱ec-enriched category:
• Each Hom-set is a superspace
• Parities and composition are compatible: 
• We denote 𝒮𝒞𝑎𝑡 the category of small supercategories (and functors preserving parities)

A monoidal supercategory is a supercategory with a super tensor product:

⚠ a monoidal supercategory is (in general) not a monoidal category!

A 2-supercategory is a 𝒮𝒞𝑎𝑡-enriched category:
• Each Hom-set is a supercategory
• Parities and compositions are compatible: and
• Compositions are compatible through the super interchange law:

⚠ a 2-supercategory is (in general) not a 2-category!
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(f ¢ g) ¶ (h ¢ k) = (≠1)|g||h|(f ¶ h) ¢ (g ¶ k)
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3. 2-SUPERCATEGORIES | HOMOLOGY

Composition of complexes must preserve the homotopy type:
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Composition of complexes must preserve the homotopy type:
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A• ƒ B• and C• ƒ D• ∆ A• ú C• ƒ B• ú D•

Theorem (S. 2020)*

*must restrict to complexes that factor through homogeneous
complexes (each differential in the complex is either even or odd)

Sketch of proof:
• If       and       are chain complexes, find a definition for

• If       and       are chain maps, find a definition for

• If       and       are homotopies, find a definition for
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CONCLUSION
or how to combine everything



Jones 
polynomial

T
O
P
O
L
O
G
Y

representation 
theory of 𝑈! 𝔰𝔩"

Khovanov 
homology

categorified 
representation 

theory of 𝑈! 𝔰𝔩"

odd 
Khovanov 
homology

supercategorified 
representation 

theory of 𝑈! 𝔰𝔩"

A
L
G
E
B
R
A

categorification

graded Euler characteristic
grade

d Euler 

chara
cteris

tic

Grothendieck group Grothen
dieck 

group

[198
4]

[~1990
]

Re
sh

et
ik

hi
n-

Tu
ra

ev
 

co
ns

tr
uc

tio
n

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

ca
te

go
rif

ied

Re
sh

et
ik

hi
n-

Tu
ra

ev

[2000]

[~2010]

[2013]

[~2022]

symmetric anti-symmetric

CONCLUSION



Jones 
polynomial

T
O
P
O
L
O
G
Y

representation 
theory of 𝑈! 𝔰𝔩"

Khovanov 
homology

categorified 
representation 

theory of 𝑈! 𝔰𝔩"

odd 
Khovanov 
homology

supercategorified 
representation 

theory of 𝑈! 𝔰𝔩"

A
L
G
E
B
R
A

categorification

graded Euler characteristic
grade

d Euler 

chara
cteris

tic

Grothendieck group Grothen
dieck 

group

[198
4]

[~1990
]

Re
sh

et
ik

hi
n-

Tu
ra

ev
 

co
ns

tr
uc

tio
n

ca
te

go
rif

ied

Re
sh

et
ik

hi
n-

Tu
ra

ev

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

[2000]

[~2010]

[2013]

[~2022]

symmetric anti-symmetric

CONCLUSION



Jones 
polynomial

T
O
P
O
L
O
G
Y

representation 
theory of 𝑈! 𝔰𝔩"

Khovanov 
homology

categorified 
representation 

theory of 𝑈! 𝔰𝔩"

odd 
Khovanov 
homology

supercategorified 
representation 

theory of 𝑈! 𝔰𝔩"

A
L
G
E
B
R
A

categorification

graded Euler characteristic
grade

d Euler 

chara
cteris

tic

Grothendieck group Grothen
dieck 

group

[198
4]

[~1990
]

Re
sh

et
ik

hi
n-

Tu
ra

ev
 

co
ns

tr
uc

tio
n

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

[2000]

[~2010]

[2013]

[~2022]

symmetric anti-symmetric

CONCLUSION



Jones 
polynomial

T
O
P
O
L
O
G
Y

representation 
theory of 𝑈! 𝔰𝔩"

Khovanov 
homology

categorified 
representation 

theory of 𝑈! 𝔰𝔩"

odd 
Khovanov 
homology

supercategorified 
representation 

theory of 𝑈! 𝔰𝔩"

A
L
G
E
B
R
A

categorification

graded Euler characteristic
grade

d Euler 

chara
cteris

tic

Grothendieck group Grothen
dieck 

group

[198
4]

[~1990
]

Re
sh

et
ik

hi
n-

Tu
ra

ev
 

co
ns

tr
uc

tio
n

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

[2000]

[~2010]

[2013]

[~2022]

symmetric anti-symmetric

CONCLUSION



Jones 
polynomial

T
O
P
O
L
O
G
Y

representation 
theory of 𝑈! 𝔰𝔩"

Khovanov 
homology

categorified 
representation 

theory of 𝑈! 𝔰𝔩"

odd 
Khovanov 
homology

supercategorified 
representation 

theory of 𝑈! 𝔰𝔩"

A
L
G
E
B
R
A

categorification

graded Euler characteristic
grade

d Euler 

chara
cteris

tic

Grothendieck group Grothen
dieck 

group

[198
4]

[~1990
]

Re
sh

et
ik

hi
n-

Tu
ra

ev
 

co
ns

tr
uc

tio
n

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

[2000]

[~2010]

[2013]

[~2022]

symmetric anti-symmetric

CONCLUSION

• There exists a categorification of some representation category of 𝑈! 𝔤𝔩"
into a 2-supercategory.

• Using this 2-supercategory, one can construction an homological invariant 
of tangles.

• This invariant coincide with odd Khovanov homology in the case of links.

Theorem (Vaz 20; S. and Vaz 2022)



Jones 
polynomial

T
O
P
O
L
O
G
Y

representation 
theory of 𝑈! 𝔰𝔩"

Khovanov 
homology

categorified 
representation 

theory of 𝑈! 𝔰𝔩"

odd 
Khovanov 
homology

supercategorified 
representation 

theory of 𝑈! 𝔰𝔩"

A
L
G
E
B
R
A

categorification

graded Euler characteristic
grade

d Euler 

chara
cteris

tic

Grothendieck group Grothen
dieck 

group

[198
4]

[~1990
]

Re
sh

et
ik

hi
n-

Tu
ra

ev
 

co
ns

tr
uc

tio
n

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

ca
te

go
rifi

ed

Re
sh

et
ik

hi
n-

Tu
ra

ev

[2000]

[~2010]

[2013]

[~2022]

symmetric anti-symmetric

CONCLUSION

• There exists a categorification of some representation category of 𝑈! 𝔤𝔩"
into a 2-supercategory.

• Using this 2-supercategory, one can construction an homological invariant 
of tangles.

• This invariant coincide with odd Khovanov homology in the case of links.

Theorem (Vaz 20; S. and Vaz 2022)

Further questions:

• Can we use this to show functoriality of odd Khovanov homology?

• “How far” can we push the supercategorification program? Eg, can we find 
a supercategorified homological invariant for every choice of 𝑈! 𝔤 , 𝑉 ?


